Let C be a general unital AH-algebra and let A be a unital simple C * -algebra with tracial rank at most one. Suppose that ϕ, ψ : C → A are two unital monomorphisms. We show that ϕ and ψ are approximately unitarily equivalent if and only if
Introduction
Let X be a compact metric space and let A be a unital simple C * -algebra. Let ϕ, ψ : C(X) → A be two homomorphisms. We study the problem when these two maps from C(X), the commutative C * -algebra of continuous functions on X, into A are approximately unitarily equivalent, i.e., when there exists a sequence of unitaries {u n } ⊂ A such that lim n→∞ u In the case that X is a compact subset of the plane and A is the n × n matrix algebra, two such maps are unitarily equivalent if and only if the corresponding normal matrices have the same set of eigenvalues (counting multiplicity). Brown-Douglass-Fillmore's study of essentially normal operators led to the following theorem: Two unital monomorphisms from C(X) (when X is a compact subset of the plane) into the Calkin algebra are unitarily equivalent if and only if they induce the same homomorphism from K 1 (C(X)) into Z. It should be noted that both the n × n matrix algebra and the Calkin algebra are unital simple C * -algebras of real rank zero.
Unital separable commutative C * -algebras are of the form C(X) for some compact metric space by the Gelfand transformation. Therefore the study of C * -algebras may be viewed as the study of non-commutative topology. As in the topology, one studies continuous maps between spaces, in C * -algebra theory, one studies the homomorphisms from one C * -algebra to another. In this point of view, the study of homomorphisms from one C * -algebra to another is one of the fundamental problems in the C * -algebra theory. At the present paper, we assume that the target algebra is a unital simple C * -algebra, which conforms to the previous two mentioned cases. Simple C * -algebras may also be viewed as the opposite end of commutative C * -algebras.
For the source algebra, we begin with the case that it is the commutative C * -algebra following the two above mentioned cases. However, we will study the case that source algebras are general unital AH-algebras (They are not necessarily simple, nor of slow dimension growth).
Let ϕ, ψ : C(X) → A be two unital homomorphisms and let I = kerϕ. Then I = kerψ, if ϕ and ψ are approximately unitarily equivalent. Therefore, one may study the induced homomorphisms from C(X)/I instead. Note that C(X)/I is isomorphic to C(Y ) for some compact subset of X. To simplify the matter, we will only study monomorphisms. The problem has been studied (for some earlier results, for example, see [8] and [9] ). Dadarlat ([2] ) showed that, if C = C(X) and A is a unital purely infinite simple C * -algebra (such as the Calkin algebra), then two unital monomorphisms from C into A are approximately unitarily equivalent if and only if they induce the same element in KL(C, A). When the target C * -algebras are finite, other invariants such as traces have to be considered. When A is a unital simple C * -algebra with stable rank one, real rank zero, weakly unperforated K 0 (A) and a unique tracial state, it is shown in [6] that ϕ and ψ are approximately unitarily equivalent if and only if [ϕ] = [ψ] in KL(C(X), A) and τ •ϕ = τ •ψ. When the real rank of A is not zero one needs additional data to determine when ϕ and ψ are approximately unitarily equivalent. In fact, it is shown ( [18] ) that when C is a some special unital AH-algebra and A is a unital simple C * -algebra with tracial rank at most one, two unital monomorphisms ϕ, ψ : C → A are approximately unitarily equivalent if and only [ϕ] = [ψ], ϕ ♯ = ψ ♯ and ϕ ‡ = ψ ‡ , where ϕ ♯ and ϕ ‡ will be defined below ((2.1) and (2.3)). The technical condition imposed on C(X) is basically said that, K-theoretically speaking, C(X) has a lower rank. In this paper this restriction on AH-algebras has been removed. A complete criterion is given for two unital monomorphisms from a general AH-algebra into a unital simple C * -algebra with tracial rank at most one being approximately unitarily equivalent.
One may view the result of this paper is a generalization of that in [18] . However, this generalization have a number important applications. First, the improvement is based on the proof of Theorem 3.6 below. The proof of the main result in [18] among many things uses Theorem 3.2 of [18] which in turn, among other things, used the technical decomposition theorem of Guihua Gong ([5] ). Gong's theorem has a very technical and long proof. The proof of this paper does not require to use Gong's decomposition theorem. Gong's decomposition theorem played the key role in the classification of unital simple AH-algebras with no dimension growth ( [4] ). While the classification theorem for unital simple separable amenable C * -algebras with tracial rank at most one satisfying the UCT in [15] do not require Gong's theorem, however, it is Gong's decomposition theorem which shows that every unital simple AH-algebras with very slow dimension growth have tracial rank at most one. As in [18] , one sees that the main result of this paper can be used to provide a proof of classification theorem for unital simple AH-algebras with slow dimension growth. Therefore, one can now provide a proof of classification theorem of unital simple AH-algebras with slow dimension growth without using the celebrated Gong's decomposition theorem ( [21] ).
There are much more than just shorten the proof. One of the long standing problems in the classification theory is to classify locally AH-algebra with no dimension growth. The problem could be solved if one could establish a version of Gong's decomposition theorem which allows maps that are not exactly homomorphisms. Over more than a decade, since the proof Gong's decomposition theorem first appeared, the technical difficulty to generalize it to include almost multiplicative maps had remained elusive. This author's many attempts failed during these years. It is the desire to prove that unital simple locally AH-algebras with no dimension growth can also be classified by their Elliott invariant drew author's attention again to Gong's decomposition theorem. One application of the results in this paper will be the proof that unital simple locally AH-algebras with slow dimension growth are classifiable by the Elliott invariant ( [21] ).
Having stated the importance of the results in this paper in the connection of the Elliott program of classification of amenable C * -algebras and their independence of Gong's decomposition theorem, making no mistake, however, we did not provide another proof of Gong's decomposition theorem, nor we provide a version of Gong's decomposition theorem working for almost multiplicative maps. Instead, we establish a so-called uniqueness theorem for almost multiplicative maps from unital AH-algebras to unital simple C * -algebra with tracial rank at most one (Theorem 5.3). Even without referring to Gong's decomposition theorem and classification of simple amenable C * -algebras, we believe that the main results presented here have their own independent interest as discussed at the beginning of this introduction.
The paper is organized as follows: Section 2 serves largely as preliminaries for the whole paper. In Section 3, we prove Theorem 3.6 which is the main technical advance of this paper. In Section 4, we collect a number of miscellaneous lemmas which will be used in the proof of the main results. In Section 5, we prove the main results. To complete our results and make application possible, in Section 6, we provide the description of the range of approximate unitary equivalence classes of unital monomorphisms from a unital AH-algebra to a unital simple C * -algebra of tracial rank at most one. Applications to the study of tracial rank and classification of unital simple locally AH-algebras will appear elsewhere ( [21] ).
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Preliminaries
2.1. Let A be a unital C * -algebra. Denote by T (A) the convex set of tracial states of C. Denote by T f (A) the convex set of all faithful tracial states. Let Aff(T (A)) be the space of all real affine continuous functions on T (A). Denote by M n (A) the matrixes over A. By regarding M n (A) as a subset of M n+1 (A), define M ∞ (A) = ∪ ∞ n=1 M n (A). If τ ∈ T (A), then τ ⊗ Tr, where Tr is standard trace on M n , is a trace on M n (A). Throughout this paper, we may use τ for τ ⊗ Tr without warning.
If B is another C * -algebra and ϕ : A → B is a contractive completely positive linear map, then ϕ ⊗ id Mn gives a contractive completely positive linear map from M n (A) to M n (B). Throughout this paper, we may use ϕ for ϕ ⊗ id Mn for convenience.
Let C and A be two unital C * -algebras with T (C) = ∅ and T (A) = ∅. Suppose that h : C → A is a unital homomorphism. Define an affine continuous map h ♯ : T (A) → T (C) by h ♯ (τ )(c) = τ • h(c) for all τ ∈ T (A) and c ∈ C. If A is simple and h is a monomorphism, then h ♯ maps T (A) into T f (C). Definition 2.2. Let C be a unital C * -algebra with T (C) = ∅. For each p ∈ M n (C) defině p(τ ) = τ ⊗ Tr(p) for all τ ∈ T (A), where Tr is the standard trace on M n . This gives positive homomorphism ρ C : K 0 (C) → Aff(T (C)).
2.3.
Let C be a unital C * -algebra. Denote by U (C) the unitary group of C and denote by U 0 (C) the subgroup of U (C) consisting of unitaries which connected to 1 C by a continuous path of unitaries. Denote by CU (C) be the closure of the normal subgroup generated by commutators of U (C). Let u ∈ U (C). Thenū is the image of u in U (C)/CU (C). Denote by CU 0 (C) the intersection
) which is piecewise smooth such that γ(1) = u and γ(0). Define
where τ is identified with τ ⊗ Tr (in particular, for n > 1, τ in the above formula is not the normalized trace). As in ( [24] ), the de la Harp-Scandalis determinant provides a continuous homomorphism
(where the norm is the quotient norm in Aff(
Using de la Harp-Scandalis determinant, by K. Thomsen (see [24] ), one has the following short splitting exact sequence:
(e 2.5)
We will fix one splitting map J C :
, select and fix one element u c ∈ ∪ ∞ n=1 M n (C) such that u c =ū. Denote this set by U c (K 1 (C)). If A is a unital C * -algebra and ϕ : C → A is a unital homomorphism, then ϕ induces a continuous map
Denote by ϕ † :
, then, by [24] ,
for all n ≥ 1.
2.4.
Let A be a unital C * -algebra and let u ∈ U 0 (A). Let γ ∈ C([0, 1], U (A)) such that γ(0) = 1 and γ(1). Denote by Length({γ}) the length of the path γ. Put
Definition 2.5. Let C be a C * -algebra and let P ⊂ K(C). There exists δ > 0 and a finite subset G ⊂ C such that, for any δ-G-multiplicative contractive completely positive linear map L : C → A (for any C * -algebra A), [L]| P is well defined (see 0.6 of [10] and 2.3 of [17] ). Such a triple (δ, G, P) is called local K-triple (see [3] ). If K i (C) is finitely generated (i = 0, 1) and P is large enough, then [L]| P defines an element in KK(C, A) (see 2.4 of [17] ). In such cases, we will write [L] instead of [L]| P , and we will call (δ, G, P) a KK-triple and (δ, G) a KK-pair. Note that, if u is a unitary then, we write
In what follows we will always assume that
when we write L(u) .
Suppose that C is a separable C * -algebra and C is the closure of ∪ ∞ n=1 C n , where each C n = lim m→∞ (C n,m , ϕ (n) m ) and K i (C n,m ) is finitely generated (i = 0, 1). Denote by ı n : C n → C the embedding and ϕ (n) m,∞ : C n,m → C n the homomorphism induced by the inductive system (C n,m , ϕ m ). We say that (δ, G, P) is a KL-triple, if [ı n • ϕ (n) m,∞ ](P ′ ) ⊃ P for some n, m and some finite subset P ′ ⊂ K(C n,m ) and if any δ-G-multiplicative contractive completely positive linear map L : C → A (for any A) gives a δ-G ′ -multiplicative contractive completely positive linear map L • ı n • ϕ (n) m,∞ so that (δ, G ′ , P ′ ) is a KK-triple.
2.6.
If A is a unital C * -algebra with tracial rank at most one, then we will write T R(A) ≤ 1 (see [12] ). Definition 2.7. Let X be a compact metric space, let x ∈ X and let r > 0. Denote by O(x, r) the open ball with center at x and radius r. If x is not specified O(r) is an open ball of radius r.
Definition 2.8. Let X be a metric space and s : C(X) → C be a state. Denote by µ s the probability Borel measure induced by s.
The following could be proved directly but also follows from 4.6 of [14] .
Theorem 2.9. Let X be a compact metric space, let ǫ > 0 and let F ⊂ C(X) be a finite subset. There exists η > 0 satisfying the following: for any σ > 0, there exists γ > 0, δ > 0, a finite subset G ⊂ C(X) and a finite subset H ⊂ C(X) s.a and a finite subset P ⊂ K(C(X)) satisfying the following:
For any unital δ-G-multiplicative contractive completely positive linear maps ϕ, ψ : C(X) → M n (for some integer n ≥ 1) for which
for all open balls O r of radius r ≥ η and
where τ is the tracial state of M n , there is a unitary u ∈ M n such that
The following is a variation of Lemma 4.3 of [18] .
Corollary 2.10. Let X be a compact metric space, ǫ > 0 and F ⊂ C(X) be a finite subset. There exists η 1 > 0 satisfying the following: for any σ 1 > 0 and any 0 < λ < 1, there exists η 2 > 0 satisfying the following: for any σ 2 > 0, there exists δ > 0, a finite subset G ⊂ C(X) and a finite subset P ⊂ K(C(X)) satisfying the following: For any unital δ-G-multiplicative contractive completely positive linear map ϕ : C(X) → M n (for some integer n ≥ 1) such that
for some unital homomorphism H : C(X) → M n and such that
for all open balls O r of radius r ≥ η 1 and r ≥ η 2 , respectively, there is a unital homomorphism h :
(e 2.11)
Moreover,
for all r ≥ 2η 1 .
2.11. Let C be a unital C * -algebra and let P ⊂ K(C) be a finite subset. There is a finite subset F C,P,b ⊂ C and a positive number δ C,P,b > 0 such that Bott(u, h)| P (see the definition 2.10 of [17] ) is well defined for any unital C * -algebra A, any unital homomorphism h : C → A and any unitary u ∈ A for which
(e 2.13)
Moreover, by choosing even smaller δ C,P,b , if h 1 : C → A is another unital homomorphism and
then Bott(u, h 1 )| P is also well defined and
As in tradition,
If K i (C) (i = 0, 1) is finitely generated, then, by choosing P large enough, we may assume that, when (e 2.13) holds, Bott(h, u) is well defined. Furthermore, we will write δ C,b instead of δ C,P,b and F C,b instead of F C,P,b .
If C = C(T), let z ∈ U (C(T)) be the standard unitary generator, one writes that
Suppose that there is a continuous path of unitaries u(t) :
Now suppose that C is a unital separable amenable C * -algebra which is the closure of
is finitely generated (i = 0, 1). Let z be the standard unitary generator of C(T). We may view P as a subset of K(C ⊗ C(T)). Let G 0 be a finite subset of C. Define G 1 = {g ⊗ f : g ∈ G 0 and f ∈ S}, where S = {1, z, z * }. Let P 1 = P ∪ β(P) (see 2.10 of [17] for the definition of β). Let δ > 0. Suppose that (δ, G 1 , P 1 ) is a KL-triple for C ⊗ C(T) (by selecting large G 0 to begin with).
By choosing even smaller δ C,P,b , we may assume that, if there is a unitary u ∈ A such that (e 2.13) holds, and if there is a unital δ-G 1 -multiplicative contractive completely positive linear map L :
The following is a restatement of Theorem 7.4 of [17] .
Theorem 2.12. Let X be a compact metric space. For any ǫ > 0 and any finite subset F ⊂ C(X), there exists η > 0 satisfying the following: For any σ > 0, there exists δ > 0, a finite subset G ⊂ C(X) and a finite subset P ⊂ K(C(X)) satisfying the following: Suppose that ϕ : C(X) → M n is a unital homomorphism such that
for all open ball O r with radius r ≥ η. If u ∈ M n is a unitary such that
[u, ϕ(g)] < δ for all g ∈ G and Bott(h, u)| P = 0, then there exists a continuous rectifiable path of unitaries {u t : t ∈ [0, 1]} of M n such that
for all f ∈ F and t ∈ [0, 1]. Moreover,
3 Almost multiplicative maps from C(X) into interval algebras Lemma 3.1. Let X be a compact metric space, let G ⊂ K 1 (C(X)) be a finitely generated subgroup generated by {s 1 , s 2 , ..., s m(X) }. For any ǫ > 0, any finite subset F ⊂ C(X) and any finite subset P ⊂ K(C(X)), there exists η > 0 satisfying the following: For any 1 > σ > 0, there
) and for any unital homomorphism ϕ : C(X) → M n for some integer n ≥ 1 for which
for any open balls O r with radius r ≥ η, where tr is the normalized trace on M n , and
there exists a unitary u ∈ M n such that
Proof. Let ǫ > 0 and F ⊂ C(X) be a finite subset. Let ǫ 1 = min{ǫ/2, δ C(X),P,b } and let
Let η > 0 be given by 2.9 associated with ǫ/16 (in place of ǫ) and F. Let σ > 0. Let γ > 0, δ > 0, G, P ⊂ K(C(X)) and H ⊂ C(X) be given by 2.9 associated with the above ǫ/16 (in place of ǫ), η 1 > 0 (in place of η) and σ/2. For convenience, we may assume that H ∪ F ⊂ G. We may assume that δ < min{ǫ/2, 1/4}, g ≤ 1 if g ∈ G and 1 C(X) ∈ G.
Let G 1 = {g ⊗f : g ∈ G and f = 1, z, z * } ⊂ C(X)⊗C(T), where z is the identity function on the unit circle. We may also assume that (δ, G 1 , P 1 ) is a KL-triple for C(X) ⊗ C(T). Moreover, we may assume that δ < δ C(X),P,b and G ⊃ F C(X),b .
Suppose that C(X) = lim n→∞ C(Y n ), where each Y n is a finite CW complex. Let ı m : C(Y m ) → C(X) be the unital homomorphism induced by the inductive limit system. We may assume that there is a finite subset G ′ ⊂ C(Y m ) and there is a finite subset
We may also assume that there are
Suppose that Y m is the disjoint union of finitely many connected CW complexes Z 1 , Z 2 , ..., Z l . Without loss of generality, we may assume that there is, for each i, a finite subset
.
Let α be as in the statement and let
(see 2.10 of [17] for the definition of β).
, where z 1 = 1 ⊗ z and z is the identity function on the unit circle. Let L = kN (δ, G ′ 1 , P ′ ). It follows from Lemmas 10.2 of [18] that there exists a unital δ/4-G ′ 1 -multiplicative contractive completely positive linear map Φ :
where
} and where 1 is the point in the unit circle. Define ϕ ′ 0 :
Now suppose that ϕ : C(X) → M n for some integer n ≥ 1 for which
for all open balls O r with radius r ≥ η, where tr is the normalized tracial state on M n and
Note that n ≥ L. We may write that
where {p 1 , p 2 , ..., p n } is a set of mutually orthogonal rank one projections and ξ i ∈ X, i = 1, 2, ..., n. Define
(e 3.28)
Therefore, by (e 3.24),
for all r ≥ η. It follows from 2.9 (also using (e 3.21)) that there is a unitary w ∈ M n such that
One check that this unitary u meets all the requirements.
The following is a folklore.
Lemma 3.2. Let X be a compact metric space, let η i > 0 and σ i > 0 (i = 1, 2, ..., m) with
, and let 0 < λ 1 , λ 2 < 1. There exists δ > 0 and a finite subset G ⊂ C(X) satisfying the following: Suppose that A is a unital C * -algebra with T (A) = ∅ and suppose that ϕ, ψ : C(X) → A are two unital positive linear maps such that
for all r ≥ η j , j = 1, 2, ..., m, and
(e 3.32)
.., m, and for all τ ∈ T (A).
Proof. To simplify the proof, without loss of generality, we will prove only for the case that m = 1. The general case follows by taking minimum of m δ's and the union of m G ′ s.
There are
Now suppose that ϕ, ψ : C(X) → A are two unital positive linear maps which satisfy the assumption (e 3.31) and (e 3.32).
Let x ∈ X and consider O(x, r) for some r ≥ 2(1 + λ 2 )η. Then there exists x k such that dist(x, x k ) < η. This implies that
(e 3.35)
for all τ ∈ T (A).
Remark 3.3. Note that in the above lemma, we insist that δ and G do not depend on ϕ.
Otherwise one can have better estimates.
Lemma 3.4. Let X be a compact metric space, let ∆ : (0, 1) → (0, 1) be a nondecreasing function, let η > 0 and let 0 < λ 1 , λ 2 < 1. There exists δ > 0 and a finite subset G ⊂ C(X) satisfying the following: Suppose that A is a unital C * -algebra with T (A) = ∅ and suppose that ϕ, ψ : C(X) → A are two unital positive linear maps such that
for all r ≥ η and
(e 3.37)
Proof. Let η > 0, ∆ and 0 < λ 1 , λ 2 < 1 be given. Choose λ 0 > 0 such that 0 < λ 0 < λ 2 . Let 1 > r 1 > r 2 > · · · > r N > 0 such that η > r N and
Put η j = r j and σ j = ∆(η j ), j = 1, 2, ..., N − 1. Let δ > 0 and G be required by 3.2 for η j and σ j (j = 1, 2, ..., N ),λ 1 and λ 2 . Now suppose that ϕ, ψ satisfy (e 3.36) and (e 3.37). By applying 3.2, we conclude that
We may assume that, for some j,
) (e 3.40)
Therefore Tr(a(t)) is a constant. There exists a selfadjoint element
Thus, from what have been proved above, (
Note that h = b(1). Therefore Tr(h) = 0.
Theorem 3.6. Let X be a compact metric space, let F ⊂ C(X) be a finite subset and let ǫ > 0 be a positive number. There exists η 1 > 0 satisfying the following: for any σ 1 > 0, there exists η 2 > 0 satisfying the following: for any σ 2 > 0, there exists η 3 > 0 satisfying the following: for any σ 3 > 0, there exists η 4 > 0 satisfying the following: For any σ 4 > 0, there exists γ 1 > 0, γ 2 > 0, δ > 0, a finite subset G ⊂ C(X) and a finite subset P ⊂ K(C(X)) a finite subset H ⊂ C(X) and a finite subset U ⊂ U c (K 1 (C(X))) for which [U ] ⊂ P satisfying the following: For any two unital δ-G-multiplicative contractive completely positive linear maps ϕ, ψ :
for some unital homomorphism h :
) and for all r ≥ η i , i = 1, 2, 3,
(e 3.46) (Note, as stated in 2.1, ϕ and ψ in (e 3.44) are in fact ϕ ⊗ id M k and ψ ⊗ id m k for some integer k ≥ 1. This will be used in the proof below.)
We may write
where Y n is a finite CW complex. Let ǫ > 0 and a finite subset F ⊂ C(X) be given. Without loss of generality, we may assume that F ⊂ ı n (C(Y n )) for some n. Let η ′ 1 > 0 (in place of η) be required by 2.12 for ǫ/32 (in place of ǫ) and F.
be a finite subset and let P 0 ⊂ K(C(X)) (in place of P) be a finite subset required by 2.12 for ǫ/32 (in place of ǫ), F, η ′ 1 and σ ′ 1 . We may assume that δ 1 < ǫ/32. There exists a finite CW complex Y, a unital homomorphism ı : C(Y ) → C(X) and a finite subset
To simplify the notation, without loss of generality, we may assume that
. Denote by z ∈ C(T) the identity function on the unit circle. We may also assume that, for any δ 2 -{z, 1} × G 2 -multiplicative contractive completely positive linear map Λ :
Furthermore, we may assume that δ 2 is so small that if uv − vu < 3δ 2 , then the Exel formula
holds in any unital C * -algebra C with tracial rank zero and any τ ∈ T (C) (see Theorem 3.6 of [16] ). Moreover if
} forms a set of generators for the finitely generated subgroup generated by P 0 ∩ K 1 (C(X)). We assume that m(X) ≥ 1 is an integer and g i ∈ U (M m(X) (C(X)). We may further assume that
.., k(X) (here again we identify a set of unitaries with its image in U (C(Y ))/CU (C(Y )))). Furthermore, we may assume that
be required by Lemma 10.3 of [18] for d/8 (in place of σ) and T × X (in place of X). Without loss of generality, we may assume that
is a finite subset (by choosing a smaller δ 3 and large G 3 ). Let ǫ ′ 1 > 0 (in place of δ) and let G ′′ 4 ⊂ C(X) (in place of G) be a finite subset required by 3.2 for η 1 , η 2 , σ 1 , σ 2 , 1/2 (in place of λ 1 ) and 1/4 (in place of λ 2 ).
Let
be a finite subset required by 2.8 of [17] for ǫ ′′ 1 (in place of ǫ) and
Let η ′ 3 > 0 (in place of η) be required by 2.9 for ǫ 1 /4 (in place ǫ) and G 5 (in place of F). Let η ′′ 3 > 0 (in place of η 1 ) be required by 2.10 for ǫ 1 /4 (in place of ǫ) and G 5 (in place of
, H ⊂ C(X) be a finite subset and let P 1 ⊂ K(C(X)) (in place of P) be required by 2.9 for ǫ 1 /4 (in place of ǫ), G 5 (in place of F), η 3 (in place η) and σ 3 (in place σ). Let η 4 > 0 (in place of η 2 ) be required by 2.10 for
We may assume that (δ, G, P) is a KL-triple. Now suppose that ϕ, ψ : C(X) → B are two unital δ-G multiplicative contractive completely positive linear maps which satisfy the assumption for the above η i , δ i (i = 1, 2, 3, 4), γ i (i = 1, 2), P, U and H.
Choose a partition
for all g ∈ G and for all t ∈ [t i−1 , t i ], i = 1, 2, ..., N. By applying 2.9, for each i, there exists a unitary w i ∈ M n such that
(e 3.48) and, by 2.10, there are unital homomorphisms
, (e 3.49)
Moreover (by also applying 3.2),
(e 3.51)
, where t is the normalized trace on M n . It follows that the above is a constant. In particular,
It follows from (e 3.51) that there exists selfadjoint elements
such that
(e 3.55)
Note that
(e 3.58)
, (e 3.60) 
.., m(X) and i = 0, 1, 2, ..., N. Note that
(e 3.63)
and there is a continuous path Z(t) of unitaries such that Z(0) = V i−1,j and Z(1) = V i,j . We obtain a continuous path
(e 3.66)
Note that, by (e 3.51) and (e 3.53),
It follows that (by the Exel formula, using (e 3.66), (e 3.69) and (e 3.71))
In other words,
(e 3.81)
Define κ 0 = 0 and
and (e 3.83)
(e 3.84)
It follows that
By applying 2.12, there exists a continuous path of unitaries,
and (e 3.95)
for all f ∈ F and for all t ∈ [t i−1 , t i ], i = 1, 2, ..., N. Define W ∈ B by 
(e 3.101)
(e 3.102)
for all f ∈ F. 
Preparation for the proof
Lemma 4.1. There is an integer K > 0 satisfying the following condition:
Proof. (See the proof of 6.10 of [15] .) It follows from Lemma 3.3 (1) of [22] that there exists a selfadjoint element
(for all t ∈ [0, 1]). By 3.4 and 3.1 of [22] ,
(e 4.108) Theorem 4.2. Let X be a compact metric space. Let ǫ > 0 and let F ⊂ C(X) be a finite subset. Suppose that λ :
) and an integer L > 0 satisfying the following condition: if ϕ, ψ : C(X) → C([0, 1], M n ) (for some integer n ≥ 1) are two unital δ-G-multiplicative contractive completely positive linear maps such that
for all u ∈ U , then there is a homomorphism Φ :
Proof. This follows from Theorem 3.2 of [7] . One takes B = M n (C([0, 1])). Note that B has stable rank one and
. Replacing ϕ and ψ by ϕ ⊕ ϕ 0 and ψ ⊕ ϕ 0 and late absorbing ϕ 0 , we see that we may assume that n ≥ K.
) be the quotient map and let J :
and (e 4.111)
where cel(v) and cel(v 0 ) is the exponential length of v and v 0 in ∪ ∞ n=1 U 0 (M n (C(X))), respectively. Note that, for any finite subset V ⊂ U (M m (C(X))) (for some integer m ≥ 1), if δ is sufficiently small and G is sufficiently large (depends only on V),
is sufficiently small and G is sufficiently large (depends only on V and U ),
(e 4.116)
Therefore we can apply Theorem 3.2 of [7] directly (and the point-evaluation f → f (ξ)id M k will be absorbed into Φ).
The following is a folklore. It is a special case of Theorem 3.2 of [7] . It also follows from 2.10. We state here for the convenience for our proofs. Lemma 4.3. Let X be a compact metric space, let ǫ > 0 and let F ⊂ C(X) be a finite subset. There exists δ > 0, a finite subset G ⊂ C(X) and a finite subset P ⊂ K(C(X)) which forms a KL-triple for C(X) and an integer N satisfying the following: Suppose that ϕ : C(X) → F is a unital δ-G-multiplicative contractive completely positive linear map, where F is a finite dimensional C * -algebra such that
[ϕ]| P = [H]| P for some unital homomorphism H : C(X) → F. Then there exists a unital homomorphism Φ : C(X) → M N (F ) and a unital homomorphism h :
Lemma 4.4. Let X be a compact metric space. Let λ : ∪ ∞ n=1 U (M n (C(X))) → R + be a map. For any ǫ > 0 and any finite subset F ⊂ C(X), there exist δ > 0 a finite subset G ⊂ C(X), a finite subset P ⊂ K(C(X)) and a finite subset of unitaries U ⊂ U c (C(X)), a finite subset {x 1 , x 2 , ..., x m } ⊂ X and an integer L > 0 satisfying the following condition: if ϕ, ψ : C(X) → A (for any unital separable simple C * -algebra A with tracial rank at most one) are unital δ-Gmultiplicative contractive completely positive linear maps such that
for all u ∈ U , then, for any set of mutually orthogonal projections
.., m, and
The proof follows exactly the same way as that of 4.2. Note that it follows from [19] that M j (A) has exponential rank 1 + ǫ for every integer j ≥ 1. Also, by [15] , A has stable rank one, K 0 -divisible rank one, exponential divisible rank E(L, k) = L/k + 8π + 1 (see 6.10 of [15] , or derive it from 4.1 directly). Thus Theorem 3.2 of [7] can also be applied as in the proof of 4.2.
Lemma 4.5. Let X be a compact metric space and let s 1 , s 2 , ..., s m ∈ kerρ C(X) be a finite subset. For any d > 0, there is δ > 0 and G ⊂ C(X) satisfying the following: For any unital C * -algebra A with T (A) = ∅ and any unital δ-G-multiplicative contractive completely positive linear map
(e 4.120)
Proof. There is an integer m 0 ≥ 1 and projections p i , q i ∈ M m 0 (C(X)) such that
Note that, for any τ ∈ T (A),
Now suppose the lemma is false. Then there is d 0 > 0, a sequence of unital C * -algebras A n with T (A n ) = ∅, a sequence of δ n -G n -multiplicative contractive completely positive linear maps L n : C(X) → A n with ∞ n=1 δ n < ∞ and ∪ ∞ n=1 G n is dense in C(X) such that, for some τ n ∈ T (A n ) and 1 ≤ j ≤ m,
A n is a unital homomorphism. Therefore, for any tracial state t ∈ T (
A n , where π n : ∞ n=1 A n → A n is the projection to the n-coordinate. Then T n is a tracial state. Note that, for any a ∈ ⊕ ∞ n=1 A n ,
(e 4.123)
Let T be a limit point of {T n }. Then, by (e 4.123), T defines a tracial state on
It then follows that, for some subsequence {n k },
This contradicts with (e 4.121). The lemma follows.
When K i (C(X)) (i = 0, 1) is finitely generated, the following follows from 10.2 of [18] . We make a modification so it also applies to the case that K i (C(X)) (i = 0, 1) is not finitely generated.
Lemma 4.6. Let X be a compact metric space. For any δ > 0, any finite subset G ⊂ C(X) and any finite subset P ⊂ K(C(X)) for which the intersection of kerρ C(X) and the subgroup generated by P is generated by g 1 , g 2 , ..., g k such that (δ, G, P) is a KL-triple, there exists an integer N (δ, G, P) satisfies the following:
For any unital δ-G-multiplicative contractive completely positive linear map L : C(X) → B, where B = M n , or B = M n (C([0, 1]) (for any integer n ≥ 1) with K = max{|L(g i )| : i = 1, 2, ..., k}, There exists an integer N (K) ≥ 1 satisfying the following: for any integer N ≥ N (K)/n, there exists a unital δ-G-multiplicative contractive completely positive linear map
≤ N (δ, G, P) and (e 4.124)
for some unital homomorphism H : C(X) → M 1+N (B) with finite dimensional range.
Proof. Write C(X) = lim n→∞ C(Y n ), where each Y n is a finite CW complex. We use ı m : C(Y m ) → C(X) for the homomorphism given by the inductive limit system. Without loss of generality, we may assume that
We may further assume that P ⊂ [ı m ](K(C(Y m ))) and Suppose that Y m is a finite disjoint union of connected finite CW complexes Z 1 , Z 2 , ..., Z l . One can choose ξ i ∈ Z i such that ξ i ∈ Y, i = 1, 2, ..., l. There are s 1 , s 2 , ...,
It follows from 10.2 of [18] that there exists an integer N (K) ≥ 1 and unital δ-G ′ -multiplicative contractive completely positive linear map
≤ N (δ, G, P) and (e 4.126)
If N ≥ N (K)/n, by adding some point-evaluation, if necessary, we may assume that
There is a point-evaluation
where p 1 , p 2 , ..., p l are mutually orthogonal projections in M N +1 (B). There is a unital contractive completely positive linear map L 0 :
Lemma 4.7. Let X be a compact metric space, let ǫ > 0, let F ⊂ C(X) be a finite subset. There exists a finite subset {x 1 , x 2 , ..., x m } ⊂ X (m ≥ 1) satisfying the following: for any unital homomorphism h 0 : C(X) → C([0, 1], M n ) with finite dimensional range,
f (x i )p i < ǫ for all f ∈ F, (e 4.130)
is a unital homomorphism with finite dimensional range and {p 1 , p 2 , ..., p m } is a set of mutually orthogonal rank n projections.
Proof. Let η > 0 such that
is a unital homomorphism with finite dimensional range. Then there are y 1 , y 2 , ..., y n ∈ X and mutually orthogonal rank one projections e 1 , e 2 , ..., e n such that
if y i ∈ Y j . Let E j = y i ∈Y j e i and denote by R j the rank of E j , j = 1, 2, ..., N. Choose mutually orthogonal projections q 1 , q 2 , ..., q m ∈ C([0, 1], M (m−1)n ) such that rank of q j = n − R j , j = 1, 2, ..., N and rank q j = n if N < j ≤ n. Note
Note that p j has rank n for j = 1, 2, ..., m. One then checks that
Lemma 4.8. Let X be a compact metric space, let P ⊂ K(C(X)) be a finite subset and let G be the subgroup generated by P. Suppose ∆ : (0, 1) → (0, 1) is a nondecreasing function, η > 0 and λ 1 , λ 2 > 0 are given. Suppose that g 1 , g 2 , ..., g k are generators of G ∩ kerρ C(X) .
Suppose that L, Λ : C(X) → A (for some unital separable simple C * -algebra with tracial rank at most one) are two δ-G-multiplicative contractive completely positive linear maps for which [L](g i ) and [Λ](g i ) are well defined (i = 1, 2, ..., k), where δ is a positive number and G is a finite subset of C(X),
(e 4.133)
for some 1 > σ > 0, and for all τ ∈ T (A) and for all r ≥ η. Then, for any ǫ > 0 and any finite subset F, any mutually orthogonal projections e 1 , e 2 , ..., e N , any finite subset H ⊂ A and R 0 > 1, there exists a projection p ∈ A and a unital C * -subalgebra B = ⊕ m j=1 C(X j , M r(j) ), where X j = [0, 1], or X j is a single point, with 1 B = p, mutually orthogonal projections e ′ 1 , e ′ 2 , ..., e ′ N ∈ B and a unital (δ + ǫ)-G-multiplicative contractive completely positive linear maps ψ 1 , ψ 2 :
(e 4.139)
(e 4.141) j = 1, 2, ..., k and x ∈ X j (e 4.142)
, for all x ∈ X j and t is the normalized trace on M r(j) and Tr R is the standard trace on M R .) Moreover, for any ǫ 0 > 0, one may assume that pa − ap < ǫ 0 and pap ∈ ǫ 0 B for all a ∈ H.
If furthermore, [L]|
, then, by taking small δ and larger G, depending only on P, one may further require that
Proof. The proof is a modification of that of Lemma 9.7 of [18] . We repeat many arguments here. Let p j , q j ∈ M R (C(X)) such that We have
Therefore T is a state on A. Then, by (e 4.149),
However, it is easy to check that T is a tracial state. This contradicts with (e 4.133). Put
Then we have shown (for the choice of large n) that (e 4.136), (e 4.137) and (e 4.142) hold.
A similar argument shows that, for some sufficiently large n,
.., N, for all x ∈ X j and j = 1, 2, ..., m(n).
Moreover, a similar argument shows that, for any finitely many f 1 , f 2 , ...., f N ∈ C(X) such that 0 < f i ≤ 1, i = 1, 2, ..., N, we may assume (by choosing large n) that
(e 4.151)
for all x ∈ X j , j = 1, 2, ..., m. By choosing sufficiently many (but finitely many) f j ′ s, using the argument in the proof of 3.2, we may assume that
(e 4.153) for all r ≥ 2(1 + λ 2 )η and for all x ∈ X, j = 1, 2, ..., m and i = 1, 2. So the first part of the lemma follows by choosing B to be B n , p to be p n and ψ 1 to be L ′ n • L and ψ 2 to be L ′ n • Λ for some sufficiently large n. Note, by (e 4.144) and (e 4.145), for any ǫ 0 > 0 and any finite subset H, we can assume that pa − ap < ǫ 0 and pap ∈ ǫ 0 B for all a ∈ H.
To see the last part of the lemma holds, taking a commutative C * -algebra C and considering the maps
.., C K 0 ! be unital commutative C * -algebra such that K 0 (C j ) = Z ⊕ Z/jZ and K 1 (C j ) = {0}, j = 1, 2, ..., K 0 !. Let l ≥ 1 be an integer such that a set of generators of K 0 (C(X) ⊗ C j ) ∩ G and K 1 (C(X) ⊗ C j ) ∩ G can be represented by projections and unitaries in
Choose 0 < ǫ 1 < ǫ and a finite subset F 1 ⊃ F (which depends on K 0 and l above). Then one applies the first part of the lemma for this ǫ 1 and F 1 . For a finite subset of projections
| P (with sufficiently small δ and sufficiently large G), there are partial isometries W 1 , W 2 , ..., W K ∈ A ⊗ C j ⊗ M l+R for some integer R ≥ 0 such that
where E ′ i and E ′′ i are two projections such that
Fix ǫ 0 > 0. One then chooses a large H so that pa − ap < ǫ 0 and pap ∈ ǫ 0 B imply that
as well as
(e 4.163)
It follows that (with small ǫ 1 ) there are projections e ′ i , e ′′ i ∈ B ⊗ M l (C j ) such that
From this, one concludes that one may require that
A similar argument shows that one may also require that
It follows that one may require that
in KK(C(X), B).
The main results
Lemma 5.1. Let X be a compact metric space, let ǫ > 0, ǫ 0 > 0, let {x 1 , x 2 , ..., x m } ⊂ X, let F ⊂ C(X) be a finite subset and let ∆ : (0, 1) → (0, 1) be an increasing map with lim t→0 ∆(t) = 0. Let P ⊂ K(C(X)) be a finite subset, K ≥ 1 be an integer and let η 0 > 0. Then, there exists η > 0, δ > 0, a finite subset G ⊂ C(X) satisfying the following: For any unital δ-G-multiplicative contractive completely positive linear maps L, Λ : C(X) → A for some unital separable simple C * -algebra A with tracial rank at most one for which
for all open balls O r with radius 1 > r ≥ η, and, for any ǫ 00 > 0 and any finite subset H ⊂ A, there exist mutually orthogonal projections
and (e 5.165)
and there exists a unital ǫ-F-multiplicative contractive completely positive linear map ψ : C(X) → P 2 BP 2 whose range contained in a finite dimensional C * -subalgebra, unital ǫ-F-multiplicative contractive completely positive linear maps
for some unital homomorphism h 0 : C(X) → C, where C = P 3 BP 3 , C = ⊕ N j=1 C j and C j = C(X j , M r ′ (j) ), and a unitary W ∈ A such that
for all f ∈ F, (e 5.169)
for all r ≥ η 0 , x ∈ X j , where t j,x is the composition of the point-evaluation at x and the normalized trace on M r ′ (j) , j = 1, 2, ..., k, and for all t ∈ T (B), and
, (e 5.171)
Proof. Let ǫ, ǫ 0 , {x 1 , x 2 , ..., x m } ⊂ X, a finite subset F ⊂ X, a finite subset P ⊂ K(C(X)), ∆, K ≥ 1 and η 0 > 0 be as described. We may assume that (ǫ, F, P) is a KL-triple for C(X) and 0 < ǫ 0 , ǫ < 1/16. Let δ 1 > 0 (in place of δ), G 1 ⊂ C(X) be a finite subset (in place of G), P 1 ⊂ K(C(X)) (in place of P) be a finite subset and K 1 be an integer (in place of L) for min{ǫ/16, ǫ 0 /16} and F required by 4.3.
We may also assume, without loss of generality, that P ⊂ P 1 and (δ 1 , G 1 , P 1 ) forms a KLtriple. We may further assume that, if L ′ , L ′′ : C(X) → C (for any unital C * -algebra C) are ǫ-G 1 -multiplicative contractive completely positive linear maps and
Let G be the subgroup generated by P 1 and let s 1 , s 2 , ..., s k 0 be a set of generators of G ∩ kerρ C(X) .
Let ǫ 2 = min{ǫ/64, ǫ 0 /64, δ 1 /2, δ ′ /2} and
be as in 4.6 where δ is replaced by ǫ 2 , G is replace by G 2 and P is replaced by P 1 .
Let N 2 (in place m) and {y 1 , y 2 , ..., y N 2 } (in place of {x 1 , x 2 , ..., x m }) be as in 4.7 for ǫ 2 (in place ǫ) and G 2 (in place of F). One may assume that N 2 > m and y j = x j , j = 1, 2, ..., m.
Choose η ′ > 0 satisfying the following:
Moreover, we may assume that
Choose η ′′ > 0 such that η ′′ < η 0 /4 and
Let δ 2 > 0 (in place of δ) and let G 3 ⊂ C(X) be a finite subset required by Lemma 9.6 of [18] for ǫ 2 /2 (in place of ǫ), G 2 (in place of F), η and 1/256 (in place of r).
ChooseK to be an integer which is greater than the integer K given by this lemma. We may assume that K > 4. Choose d > 0 such that
(e 5.173)
It follows from 4.5 that there are δ 3 > 0 and a finite subset G 4 ⊂ C(X) such that, for any unital δ 3 -G 4 -multiplicative contractive completely positive linear map Ψ : C(X) → C (for any unital C * -algebra C with T (C) = ∅),
where A is a unital simple C * -algebra with tracial rank at most one, satisfy the assumptions of the theorem for the above δ, G, η and ∆.
By Theorem 9.6 of [18] and by the choice of η, there exists projections Q 1 , Q 2 ∈ A and two sets of mutually orthogonal projections
and (e 5.176)
for all τ ∈ T (A). Since A has tracial rank at most one (see Lemma 9.9 of [18] ), there is, for each i, a projection
(e 5.178)
g(y i )q i ] < ǫ 2 /2 and (e 5.180)
We compute that
for all τ ∈ T (A) and r ≥ η 0 /4. It follows that
for all τ ∈ T (A) and r ≥ η 0 /4. Similarly,
for all τ ∈ T (A) and r ≥ η 0 /4.
. Let ǫ 00 > 0 and let H ⊂ A be a finite subset. Define
Let 0 < δ 0 < min{ǫ 2 /2, δ/4, ǫ 00 } and put
f (y i )q i and (e 5.185)
for all f ∈ C(X). Since A has tracial rank at most one, by 4.8, there exists a projection Q 3 ∈ A and B = ⊕ N j=1 B j with 1 B = Q 3 , where B j = M r(j) (C(X j )) and X j = [0, 1], or X j is a point, such that
for all r ≥ η 0 , and for all j and x ∈ X j , where T j,x is the normalized trace of M r(j) at x ∈ X j , and 195) for all f ∈ G. By 4.8, we further obtain mutually orthogonal projections e 1 , e 2 , ..., e N 2 ∈ B such that
Moreover we require that
for all x ∈ X j , where T j,x is the normalized trace evaluated at x, and for all τ ∈ T (A), j = 1, 2, ..., N 2 . Define L 4 = EL 3 E and Λ 4 = EΛ 3 E. We compute, by (e 5.192) and (e 5.198)
and (e 5.199)
for all r ≥ η 0 and for all x ∈ X j and j = 1, 2, ..., N. We compute that
, where π j : EBE → EB j E is the projection, j = 1, 2, ..., N.
It follows from 4.6 that there exist unital ǫ 2 -G 2 -multiplicative contractive completely positive linear maps L 0,j ,L 0,j : C(X) → M J j (C(X j )) whose ranges are contained in finite dimensional C * -subalgebras, where
with finite dimensional range. By applying 4.3, we obtain a unital homomorphism h 1,j :
) with finite dimensional range and a unital homomorphism
(e 5.204)
It follows from 4.7 that there are mutually orthogonal rank
There is, for each i and j, by (e 5.198) and (e 5.173), a projection p ′ i,j ≤ e i such that
Thus we obtain a unitary W 0 ∈ B such that
for all f ∈ F.
Now define
Then we estimate that, by (e 5.196) and (e 5.208),
f (y j )e j ) + (e 5.210)
f (y j )p j ) (e 5.211)
for all f ∈ F. It follows from (e 5.180), (e 5.185), (e 5.188) and (e 5.212) that
Similarly, we also have
Note also that, (by (e 5.173) and (e 5.207))
for all τ ∈ T (A) and i = 1, 2, ..., N 2 . Therefore, by (e 5.190),
Note that, by (e 5.202),
for all x ∈ X j , j = 1, 2, ..., N and for all τ ∈ T (A). It follows that
This gives (e 5.166). To obtain (e 5.165), we note, by (e 5.206) and (e 5.173) that
for all τ ∈ T (A). We also have that
(e 5.226)
for all t ∈ T (B). This implies (e 5.165). We write 
(e 5.227) for all r ≥ η 0 and x ∈ X j , where t j,x is the normalized trace of M r ′ (j) evaluated at x ∈ X j , j = 1, 2, ..., N and i = 1, 2. The lemma follows.
Lemma 5.2. Let C be a separable unital C * -algebra with T (C) = ∅, let U ⊂ U c (K 1 (C)) be a finite subset, F ⊂ C be a finite subset and let λ > 0. There exists δ > 0 and a finite subset G ⊂ C satisfying the following: Suppose that L 1 , L 2 : C → A (for some unital C * -algebra A) are two δ-G-multiplicative contractive completely positive linear maps such that
for all u ∈ U and for some Γ > 0. There exists a finite subset H ⊂ A and σ > 0 such that, if p ∈ A is a projection such that pa − ap < σ, pap ∈ σ B for all a ∈ H, where 1 B = p and B ⊂ pAp is a unital C * -subalgebra, and Λ 1 , Λ 2 : C → B are two 2δ-Gmultiplicative contractive completely positive linear maps such that
for all u ∈ U . Moreover,
for all f ∈ F and τ ∈ T (B).
Proof. Let U and F be fixed. Then there is an integer k ≥ 1 such that every element in U is represented by a unitary in M k (C). To simplify notation, replacing A by M k (A), replacing B by M k (B), and later replacing L i by L i ⊗ id M k , i = 1, 2, without loss of generality, we may assume that U is actually in U (A). We choose δ and G such that for any 2δ-G-multiplicative contractive completely positive linear maps L from C, L(u) is well defined for all u ∈ U . Now let L 1 and L 2 be as described (for the above choice of δ and G). Suppose that U = {u 1 , u 2 , ..., u m }. Then there are w 1 , w 2 , ..., w m ∈ CU (A) such that
It is clear that, if H is sufficiently large (containing at least L 1 (u) and L 2 (u) for all u ∈ U and many other elements in U (A)) and σ is sufficiently small, pL i p(u j ) are well defined and
(j = 1, 2, ..., m and i = 1, 2) and there are unitaries v 1 , v 2 , ..., v m ∈ CU (B) such that
for all u ∈ U . Similarly, for each f ∈ F, there are
and (e 5.231) [1] ). We compute that, with sufficiently large H and small σ, there are
and (e 5.233)
for all f ∈ F. This implies that
for all f ∈ F and for all τ ∈ T (B).
Theorem 5.3. Let X be a compact metric space and let ∆ : (0, 1) → (0, 1) be a non-decreasing function with lim t→0 ∆(t) = 0. Let ǫ > 0 and F ⊂ C(X) be a finite subset. Then there exists η > 0, δ > 0, a finite subset G ⊂ C(X), a finite subset H ⊂ C(X) s.a. , a finite subset P ⊂ K(C(X)), a finite subset U ⊂ U c (K 1 (C(X))), γ 1 > 0 and γ 2 > 0 satisfying the following: Suppose that L 1 , L 2 : C(X) → A are two unital δ-G-multiplicative contractive completely positive linear maps for some unital simple C * -algebra A of tracial rank at most one such that
for all τ ∈ T (A) and for all r ≥ η. Then there exists a unitary W ∈ A such that
(e 5.239)
Proof. Fix ǫ > 0 and a finite subset F ⊂ C(X). Let η 1 > 0 be as in 3.6 for ǫ/2 (in place of ǫ) and F. Let σ 1 = ∆(η 1 /3)/3. Let η 2 > 0 be as in 3.6 for ǫ/2 (in place of ǫ), F, η 1 and σ 1 . Let σ 2 = ∆(η 2 /3)/3. Let η 3 > 0 be as in 3.6 for ǫ/2 (in place of ǫ), F, η 1 , σ 1 , η 2 and σ 2 . Let σ 3 = ∆(η 3 /3)/3. Let η 4 > 0 be as in 3.6 for ǫ/2 (in place of ǫ), F, η 1 , σ 1 , η 2 , σ 2 , η 3 and σ 3 . Let
) (in place of P) be a finite subset, H ⊂ C(X) s.a. be a finite subset and U 1 ⊂ U c (K 1 (C(X))) (in place of U ) be a finite subset as required by 3.6 for ǫ/2, F, η i and σ i (i = 1, 2, 3, 4). Let N ≥ 1 be an integer such that every unitary in U 1 is in M N (U (C(X))).
Let ∆ 1 = ∆/2. Let δ 2 > 0 (in place of δ) and G 2 ⊂ C(X) (in place of G) be required by 3.4 for ∆ 1 (in place of ∆), U 1 (in place of U ), η 4 /2 (in place η), 15/16 (in place of λ 1 ) and 1/32 (in place of λ 2 ). Let δ 3 > 0 (in place of δ), G 3 ⊂ C(X) (in place of G) be a finite subset, P 2 ⊂ K(C(X)) (in place of P) be a finite subset {x 1 , x 2 , ..., x m } ⊂ X, U 2 ⊂ U c (K 1 (C(X)) (in place of U ) and K ≥ 1 (in place of L) be an integer required by 4.4 for ǫ/2 (in place of ǫ), F and γ ′ 2 (in place of λ). Let δ 4 > 0 (in place of δ), G 4 ⊂ C(X) (in place of G) be a finite subset required by Lemma 5.2 for γ ′ 2 /8 (in place of λ), U 1 ∪ U 2 (in place of U ) and H (in place of F). Define δ = min{δ 6 , δ 5 }, G = G 6 ∪ G 5 and P = P 1 ∪ P 2 . Now suppose that L 1 , L 2 : C(X) → A are two unital δ-G-multiplicative contractive completely positive linear maps, where A is a unital simple C * -algebra of tracial rank at most one, which satisfy the assumption for the above defined ∆, η, H, U , γ 1 and γ 2 .
Let H 1 ⊂ A (in place of H) be a finite subset and σ > 0 for L 1 , L 2 , U , λ ′ 2 /8 (in place of Γ) and min{λ ′ 1 /8, λ ′ 2 /8} (in place of λ) (for C = C(X)) be required by 5.2. Let ǫ 00 = σ. Let δ 7 = min{σ/2, δ}. By applying 5.1, for H 1 (in place of H), there exist mutually orthogonal projections
(e 5.240) a unital δ 5 -G 5 -multiplicative contractive completely positive linear map ψ : C(X) → P 2 BP 2 whose range is contained in a finite dimensional C * -subalgebra, unital δ 5 -G 5 -multiplicative contractive completely positive linear maps
for some unital homomorphism h 0 : C(X) → B and a unitary W 0 ∈ A such that
for all r ≥ η 0 and for all t ∈ T (C), where C = P 3 BP 3 ,
for all T ∈ T (B), and,
and (e 5.246)
(e 5.248)
for all u ∈ U . By the choices of K and {x 1 , x 2 , ..., x m }, there exists a unitary
for all f ∈ C(X) and define Φ 2 : C(X) → B by
for all f ∈ C(X). By the choice of δ 4 , G 4 and H 1 , and applying 5.2, we obtain that
for all u ∈ U and
for all g ∈ H and for all T ∈ T (B). Combining with (e 5.245), we obtain that
(e 5.254) for all f ∈ H and for all t ∈ T (C). Using the de la Harp-Skandalis determinant, combining (e 5.249), (e 5.252) and (e 5.245), we compute that
(e 5.255) for all u ∈ U . Then, by (e 5.241) and by applying 3.6, there exists a unitary W 2 ∈ C such that
. Then, by (e 5.243), (e 5.251) and (e 5.256), we finally obtain that
Definition 5.4. Let X be a compact metric space and P ∈ M r (C(X)) be a projection, where r ≥ 1 is an integer. Put C = P M r (C(X))P. Suppose τ ∈ T (C). It is known that there exists a probability measure µ τ on X such that
where t x is the normalized trace on P (x)M r P (x) for all x ∈ X (see 2.17 of [13] ). Suppose that Y is a finite CW complex, r ≥ 1 is an integer and P ∈ M r (C(Y )) is a projection. Let X ⊂ Y be a compact subset. Let π : M r (C(Y )) → M r (C(X)) be the quotient map defined by π(f ) = f | X for all f ∈ M r (C(Y )).
Corollary 5.5. Suppose that Y is a finite CW complex, r ≥ 1 is an integer and P ∈ M r (C(Y )) is a non-zero projection. Define C = π(P M r (C(Y ))P ) as defined above. Then Theorem 5.3 holds when C(X) is replaced by C and using the measure defined in 5.4.
Proof. Clearly the corollary holds if C = M r (C(X)).
To prove the general case, we may assume that Y is connected. Then there is an integer d ≥ 1 and a projection 
. We see that the corollary follows by first considering ψ i,1 (i = 1, 2) and then ψ i,2 (i = 1, 2). Definition 5.6. Let A be a unital C * -algebra and let C be another C * -algebra. Let L : C → A be a positive linear map. Let Θ : C + \ {0} → N × R + be a map. We write Θ(c) = (N (Θ(c)), R(Θ(c))) for c ∈ C + \ {0}, where N (Θ(c)) ∈ N and R(Θ(c)) ∈ R + . Suppose that S ⊂ C + is a subset. We say the map L is S-Θ-full, if, for each s ∈ S, there are x 1 , x 2 , ..., x N (Θ(s)) such that x j ≤ R(Θ(s)), j = 1, 2, ..., N (Θ(s)) and
(e 5.257)
The following is known and easy to prove. Only part (1) is actually used in this paper. Both hold for more general unital simple C * -algebras. For example, the class of unital separable simple C * -algebras which satisfy the strict comparison property for positive elements.
Lemma 5.7. Let X be a compact subset of a finite CW complex Y, let P ∈ M r (C(Y )) be a projection, where r ≥ 1 is an integer, and let π :
(1) Suppose that Θ : C + \ {0} → N × R + \ {0} is a map. Then there exists a non-decreasing map ∆ : (0, 1) → (0, 1) satisfying the following: For any η > 0, there exists a finite subset S ⊂ C + \ {0} such that, if A is a unital separable simple C * -algebra with T R(A) ≤ 1 and if L : C → A is a unital S-Θ-full positive linear map, then
for all open balls O r with radius r ≥ η.
(2) Suppose that ∆ : (0, 1) → (0, 1) is a nondecreasing map. Then there exists a map Θ : C + \ {0} → N × R + \ {0} satisfying the following: For any finite subset S ⊂ C + \ {0}, there exists η > 0 such that, if A is a unital separable simple C * -algebra with T R(A) ≤ 1 and L : C → A is a unital positive linear map for which
for all open balls O r with radius r ≥ η, then L is S-Θ-full.
Theorem 5.8. Let C be a unital AH-algebra and let Θ : C + \ {0} → N × R + be a map. Let ǫ > 0, F ⊂ C be a finite subset. There exists a finite subset S ⊂ A + \ {0}, δ > 0, σ 1 > 0, σ 2 > 0, a finite subset G ⊂ C, a finite subset P ⊂ K(C), a finite subset H ⊂ A s.a. and a finite subset U ⊂ U c (K 1 (C)) satisfying the following: Suppose that A is a unital separable simple C * -algebra with T R(A) ≤ 1 and suppose that ϕ, ψ : C → A are two unital δ-G-multiplicative contractive completely positive linear maps such that ϕ and ψ are S-Θ-full,
(e 5.260)
Then there exists a unitary w ∈ A such that
(e 5.261)
Proof. Let C = lim n→∞ (C n , ϕ n ), where C n = P n M r(n) (C(Y n ))P n , X n is a finite CW complex, r(n) ≥ 1 is an integer, P n ∈ M r(n) (C(Y n )) is a projection and ϕ n : C n → C n+1 is a unital homomorphism. Let ϕ n,∞ : C n → C be the unital homomorphism induced by the inductive limit system. Then, for each n, ϕ n,∞ (C n ) ∼ = π n (P n )M r(n) (C(X n ))π n (P n ), where X n ⊂ Y n is a compact subset and π n :
, n = 1, 2, .... We may write C = ∪ ∞ n=1 B n . Let ǫ > 0 and F ⊂ C be a finite subset. Without loss of generality, we may assume that F ⊂ B n for some integer n ≥ 1. From this it is clear that we can reduce the general case to the case that C = B n . Then the result follows from 5.5 and 5.7.
Corollary 5.9. Let C be a unital AH-algebra and let Θ : C + \ {0} : N × R + be a map. For any ǫ > 0 and any finite subset F ⊂ C, there exists σ 1 > 0, σ 2 > 0, a finite subset S ⊂ A + \ {0}, a finite subset P ⊂ K(C), a finite subset H ⊂ A s.a. and a finite subset U ⊂ U c (K 1 (C)) satisfying the following:
Suppose that A is a unital separable simple C * -algebra with T R(A) ≤ 1 and suppose that ϕ, ψ : C → A are two unital monomorphisms which are S-Θ-full such that 6 The range Definition 6.1. Let X be a compact metric space and let C = P M n (C(X))P, where P ∈ M n (C(X)) is a projection and P (x) > 0 for all x ∈ X, and let A be a unital separable simple C * -algebra with T (A) = ∅. Let γ : T (A) → T f (C) be a continuous affine map. For any τ ∈ T (A) and any non-empty open set O ⊂ X, define µ γ(τ ) (O) = sup{γ(τ )(f ) : 0 ≤ f < 1 and suppf ⊂ O}.
Since γ(T (A)) is compact, we conclude that
Fix a ∈ (0, 1). There are finitely many points x 1 , x 2 , .., x m ∈ X such that ∪ m n=1 O(x i , a/2) ⊃ X. Let O a be an open ball of X with center at a point x and with radius a. Then O a ⊃ O(x i , a/2) for some i. Define
for all a ∈ (0, 1). It follows that
(e 6.270)
Note that, if X is infinite, lim a→0 ∆ 1 (a) = 0.
Lemma 6.2. Let C be as in 6.1 and A be a unital separable simple C * -algebra with T (A) = ∅. Suppose that γ : T (A) → T f (C) is a continuous affine map. For any η > 0, 0 < λ 1 , λ 2 < 1, there exists a finite subset H ⊂ C s.a. and ǫ > 0 satisfying the following: for any unital positive linear map L :
The proof of this is almost identical to that of 3.4. We omit it.
Lemma 6.3. Let X be a finite CW complex and let A be an infinite dimensional unital simple C * -algebra with T R(A) ≤ 1. Let C = P M r (C(X))P (r ≥ 1), where P ∈ M r (C(X)) is a projection. Suppose that e ∈ A is a non-zero projection. Then, there exists a non-zero projection e 0 ≤ e and a unital monomorphism h : C → e 0 Ae 0 .
Proof. Without loss of generality, we may assume that X is connected. There are mutually orthogonal and mutually equivalent non-zero projections e 1 , e 2 , ..., e r ≤ eAe. Put e ′ = r i=1 e i . It is well known that there exists a unital monomorphism h 0 : C(X) → e 1 Ae 1 (see 9.5 of [15] ). This extends a monomorphism h 1 : M r (C(X)) → e ′ Ae ′ ∼ = M r (e 1 Ae 1 ). Let e 0 = h 1 (P ). Define h : C → e 0 Ae 0 by h = h 1 | C . Definition 6.4. Let C and A be two unital C * -algebras. Denote by KK e (C, A) ++ the set of those elements κ ∈ KK(C, A) such that
Denote by KL e (C, A) ++ the set of those elements κ ∈ KL(C, A) such that κ(
Now suppose that T f (C) = ∅ and A is a unital simple C * -algebra with T (A) = ∅. Let γ : T (A) → T f (C) be a continuous affine map. We say κ and γ are compatible, if,
be a continuous homomorphism. By (e 2.5), there is a homomorphism α 0 : Aff(C)/ρ C (K 0 (C)) → Aff(A)/ρ A (K 0 (A)) induced by α and there is homomorphism α 1 : K 1 (C) → K 1 (A) induced by α. We say α and κ compatible if κ| K 1 (C) = α 1 , we say κ, γ and α are compatible if κ and γ are compatible, κ and α compatible and the homomorphism induced by γ is equal to α 0 . Lemma 6.5. Let X be a finite CW complex, let n ≥ 1 be an integer, let C = P M n (C(X))P, where P ∈ M n (C(X)) is a projection, and let A be a unital infinite dimensional separable simple C * -algebra of tracial rank at most one. Suppose that κ ∈ KK e (C, A) ++ and γ : T (A) → T f (C) is a continuous affine map so that κ and γ are compatible. Let σ > 0 and H ⊂ C s.a. be a finite subset. Then there is a unital monomorphsm h : C → A such that for all c ∈ H and all τ ∈ T (A).
Proof. To simplify the proof, without loss of generality, we may assume that X is connected.
There is a unital separable amenable simple C * -algebra B with T R(B) = 0 which satisfies the UCT such that
∈ KK e (B, A) ++ be an invertible element which gives the above identity. Therefore there is κ 0 ∈ KK e (C, B) ++ such that
Without loss of generality, we may assume that H is in the unit ball of C. Let p ∈ B with τ (p) < σ/8 for all τ ∈ T (B). It follows from 6.2 of [20] that there is a nonzero
for all t ∈ T (D). It follows from Lemma 9.5 of [15] that there exists a unital monomorphism
(e 6.275) Lemma 6.6. Let C be as in 6.5 and let A be a unital infinite dimensional separable simple C * -algebra with T R(A) ≤ 1. Suppose that κ ∈ KK e (C, A) ++ , γ : T (A) → T f (C) is a continuous affine map and α : U (M ∞ (C))/CU (M ∞ (C)) → U (A)/CU (A) such that κ, γ and α are compatible. Then, for any σ 1 > 0, 1 > σ 2 > 0, any finite subset H ⊂ C s.a. and any finite subset U ⊂ U (M N (C)) (for some integer N ≥ 1), there exists a unital monomorphism h : C → A such that
and dist(h ‡ (ū), α(ū)) < σ 2 for all u ∈ U . (e 6.278)
Proof. To simplify the notation, without loss of generality, we may assume that X is connected.
Furthermore, a standard argument shows that, we can further reduce the general case to the case that C = C(X). We write
, where T or(K 1 (C)) is the torsion subgroup of K 1 (C) and G 1 is the free part. Fix a point ξ 0 ∈ X, define
Then C 0 ⊂ C is an ideal of C and C/C 0 = C. We write
Let A 1 be a unital separable amenable simple C * -algebra with UCT and with T R(A 1 ) = T R(A) ≤ 1 such that
(e 6.279)
and
(e 6.280)
To simplify notation, we may assume that U = U 0 ∪ U 1 , where U 0 ⊂ U 0 (M N (C)) and U 1 ⊂ U c (M N (C)) are finite subsets and N ≥ 1 is an integer. For each u ∈ U 0 , write u =
Choose a non-zero projection e ∈ A such that
Let e 0 ∈ A 1 be a projection such that [e 0 ] = [e] using (e 6.279) and let
In what follows, we use the identification (e 6.279). Define θ 1 ∈ Hom(K i (C), K i (A 2 )) as follows:
By the Universal Coefficient Theorem, there exists an element θ 1 ∈ KL(C, A 2 ) which gives the above homomorphisms. Let θ 2 ∈ KL(A 1 , A) which gives the identification (e 6.279) and θ 2 | T or(K 1 (A 1 )) = id| T or(K 1 (A 1 )) and θ 2 | G 1 = κ| G 1 . Let β = κ − θ 2 • θ 1 . We compute that Note that U c (G 1 ) ∼ = G 1 . We identify U c (G 1 ) with the corresponding part in U c (K 1 (A 2 )). By defining χ on T or(K 1 (A 2 )) to be zero, we obtain a homomorphism χ : U c (K 1 (A 2 )) → Aff(T (A))/ρ A (K 0 (A)). It follows from Theorem 8.6 of [20] that there exists a unital homomorphism h 1 : A 2 → (1 − e)A(1 − e) such that for all f, g ∈ C(X), where π n : C(Y n ) → C(X) is the quotient map.
Proof. Let d n ց 0 be a decreasing sequence of positive numbers. There are finitely many open balls of Y with center in X and radius d n covers X. Let Z n be the union of closure of these balls. Then Z n is a compact subset of Y which is homeomorphic to a finite CW complex. We may assume that Z n ⊃ Z n+1 . Then (by, for example, The Effros-Choi Theorem), there exists, for each n, a contractive completely positive linear map ψ n : C(X) → C(Z n ) such that π n • ψ n = id C(X) , (e 6.297) where π n (f ) = f | X for f ∈ C(Z n ), n = 1, 2, .... Let {F m } ⊂ C(X) be a sequence of increasing finite subsets of the unit ball of C(X) so that its union is dense in the unit ball of C(X). Choose Y 1 = Z 1 and ϕ 1 = ψ 1 . Let G 1 = F 1 ∪ {f g : f, g ∈ F 1 }. Choose d n 2 such that |ψ 1 (f )(x) − ψ 1 (f )(x ′ )| < 1/4 for all f ∈ G 1 , (e 6.298)
provided that dist(x, x ′ ) < d n 2 for all x, x ′ ∈ Z 1 . By (e 6.297), ψ 1 (f g)(x) − ψ 1 (f )(x)ψ 1 (g)(x) = 0 (e 6.299)
for all x ∈ X. Now for any z ∈ X n 2 , there exists x ∈ X such that dist(x, z) < d n 1 . Therefore, by (e 6.299) and (e 6.298), |ψ 1 (f g)(z) − ψ 1 (f )(z)ψ 1 (g)(z)| ≤ |ψ 1 (f g)(z) − ψ 1 (f g)(x)| (e 6.300) +|ψ 1 (f g)(x) − ψ 1 (f )(x)ψ 1 (g)(x)| (e 6.301) +|ψ 1 (f )(x)ψ 1 (g)(x) − ψ 1 (f )(z)ψ 1 (g)(z)| < 3/4 (e 6.302) for all f, g ∈ F 1 . Choose Y 2 = Z n 2 . Define h 1 : C(Z 1 ) → C(Z n 2 ) defined by h 1 (f ) = f | Zn 2 for all f ∈ C(Z 1 ). Define ϕ 2 : C(X) → C(Y 2 ) by defining
Thus, by (e 6.300), ϕ 2 (f g) − ϕ 2 (f )ϕ 2 (g) < 3/4 (e 6.303) for all f, g ∈ F 1 . Note that π n 2 • ϕ 2 = id C(X) .
(e 6.304)
Let G 2 = G 1 ∪ F 2 ∪ {f g : f, g ∈ F 2 }. Choose d n 3 such that |ϕ 2 (f )(x) − ϕ 2 (f )(x ′ )| < 1/4 2 for all f ∈ G 2 , (e 6.305)
provided that dist(x, x ′ ) < d n 3 for all x, x ′ ∈ Y 2 . By (e 6.297), for any x ∈ X, ϕ 2 (f g)(x) = ϕ 2 (f )(x)ϕ 2 (g)(x) (e 6.306)
Then, for any z ∈ Z n 3 , there exists x ∈ X such that dist(x, z) < d n 3 . Thus, by (e 6.306) and (e 6.305), |ϕ 2 (f g)(z) − ϕ 2 (f )(z)ϕ ( g)(z)| < 3/4 2 for all z ∈ Z n 3 .
(e 6.307) Let h 2 : C(Y 2 ) → C(Z n 3 ) be defined by h 2 (f ) = f | Zn 3 for all f ∈ C(Y 2 ). Put Y 3 = Z n 3 . Define ϕ 3 : C(X) → C(Y n 3 ) by ϕ 3 (f ) = h 2 • ϕ 2 . Then π n 3 • ϕ 3 = id C(X) .
(e 6.308)
By (e 6.307), we have that
2 (e 6.309) for all f, g ∈ F 2 . In this fashion, we obtain a sequence of contractive completely positive linear maps ϕ k : C(X) → C(Y k ), where Y k = Z n k , such that π n k • ϕ k = id C(X) and (e 6.310)
, (e 6.311) for all f, g ∈ F k , k = 1, 2, .... It follows that, for any f, g ∈ C(X),
(e 6.312)
We have the following corollary.
Corollary 6.8. Let Y be a finite CW complex and P ∈ M r (C(Y )) be a non-zero projection for some integer r ≥ 1. Let X be a compact metric space of Y and let C = π(P M r (C(Y ))P ), where π : M r (C(Y )) → M r (C(X)) is the quotient map defined by π(f ) = f | X . Then there exists a sequence of finite CW complex Y ⊃ Y n ⊃ Y n+1 each of which is a compact subset of Y and there exists a contractive completely positive linear map ϕ n : C → P n (C(Y n ))P n such that π n • ϕ n = id C , n = 1, 2, ... and (e 6.313) lim n→∞ ϕ n (f )ϕ n (g) − ϕ n (f g) = 0 (e 6.314)
for all f, g ∈ C(X), where P n = P | Yn and π n : C(Y n ) → C(X) is the quotient map defined by π n (f ) = f | X for all f ∈ C(Y n ).
Lemma 6.9. Let Y be a finite CW complex and P ∈ M r (C(Y )) be a non-zero projection for some integer r ≥ 1. Let X be a compact metric space of Y and let C = π(P M r (C(Y ))P ), where π : M r (C(Y )) → M r (C(X)) is the quotient map defined by π(f ) = f | X . Suppose that A is a unital infinite dimensional separable simple C * -algebra with T R(A) ≤ 1. For any κ ∈ KL e (C, A) ++ , any affine continuous map γ : T (A) → T f (C) and any continuous homomorphism α : U (M ∞ (C))/CU (M ∞ (C)) → U (A)/CU (A) such that κ, γ and α are compatible, then there is a unital monomorphism h : C → A such that
[h] = κ, h ♯ = γ and h ‡ = α. (e 6.315) Theorem 6.10. Let C be a unital AH-algebra and let A be a unital infinite dimensional separable simple C * -algebra with T R(A) ≤ 1. For any κ ∈ KL e (C, A) ++ , any affine continuous map γ : T (A) → T f (C) and any continuous homomorphism α : U (M ∞ (C))/CU (M ∞ (C)) → U (A)/CU (A) such that κ, γ and α are compatible, then there is a unital monomorphism h : C → A such that
[h] = κ, h ♯ = γ and h ‡ = α.
(e 6.324)
Proof. Write C = lim n→∞ (B n , ψ n ), where B n = P n M r(n) (C(Y n ))P n , Y n is a finite CW complex, P n ∈ M r(n) (C(Y n )) is a projection and ψ n : B n → B n+1 is a unital homomorphism. Denote by ψ n,∞ : B n → C the unital homomorphism induced by the inductive limit system. Then ϕ n,∞ (B n ) ∼ = Q n M r(n) (C(X n ))Q n , where X n ⊂ Y n is a compact subset, Q n = π n (P n ) and where π n : M r(n) (C(Y n )) → M r(n) (C(X n )) is the quotient map defined by π n (f ) = f | Xn . Put C n = ϕ n,∞ (B n ). We will identify C n with Q n M r(n) (C(X n ))Q n and write C = ∪ ∞ n=1 C n , where C n = Q n M r(n) (C(X n )Q n , Denote by ı n : C n → C n+1 and ı n,∞ : C n → C be the embedding, respectively. Let κ n = κ • [ı n,∞ ] be in Hom Λ (K(C n ), K(A)) and let α n : U (M ∞ (C n ))/CU (M ∞ (C)) → U (A)/CU (A) be defined by α n = α • ı ‡ n,∞ . Let (ı n,∞ ) ♯ : T f (C) → T f (C n ) be induced by ı n,∞ and define γ n : T (A) → T f (C n ) by (ı n,∞ ) ♯ • γ. Put Q n = [ı n,∞ ](P n ), n = 1, 2, .... We may assume that ∪ ∞ n=1 Q n = K(C). Choose, for each n, a finite subset F n ⊂ C n such that F n ⊂ F n+1 and ∪ ∞ n=1 F n is dense in C. It follows from 6.9 there is, for each n, a unital monomorphism ϕ n : C n → A such that [ϕ n ] = κ n , (ϕ n ) ♯ = γ n and ϕ ‡ n = α n (e 6.325) n = 1, 2, .... By applying 5.10, for each n, there exists a unitary u n ∈ A (with u 0 = 1) such that Ad u n • ϕ n+1 • ı n (f ) − Ad u n−1 • ϕ n (f ) < 1/2 n for all f ∈ F n , (e 6.326) n = 1, 2, .... We obtain a unital monomorphism h : C → A such that h(f ) = lim n→∞ Ad u n • ϕ n+1 • ı n (f ) for all f ∈ C.
(e 6.327)
One checks that h meets all requirements of the theorem.
Corollary 6.11. Let C be a unital AH-algebra and let A be a unital infinite dimensional separable simple C * -algebra with T R(A) ≤ 1. For any κ ∈ KL e (C, A) ++ , any affine continuous map γ : T (A) → T f (C) and any continuous homomorphism α : K 1 (C) → Aff(T (A))/K 0 (A) such that κ, γ are compatible, then there is a unital homomorphism h : C → A such that
[h] = κ, h ♯ = γ and h † = α. (e 6.328)
